In this paper, we study the nonexistence of stable solutions for the quasilinear Schrödinger equation
Introduction and main results
In this paper we are interested in the nonexistence of stable solutions to the quasilinear Schrödinger equation 1) where N ≥ 3 and q ≥ 5/2. Equation (1.1) can be obtained as a stationary problem of the modified Schrödinger equation
where z : R × R N → C, W : R N → R is a given potential, h and l are real functions.
It is well known that the standing wave solutions of the form z(t, x) = exp(-iωt)u(x) satisfy (1.2) if and only if the real function u(x) solves the equation of elliptic type
where V (x) = W (x) -ω, ω ∈ R and g(x, u) ≡ h(x, u 2 )u.
Quasilinear Schrödinger equations as in (1.3) appear naturally in mathematical physics and have been derived as models of several physical phenomena corresponding to various types of nonlinear term l. When l(s) = s, we get the superfluid film equation in plasma physics [16] : which models the self-channeling of a high-power ultrashort laser in matter, see [2, 10] . The existence of positive solutions for (1.5) has been extensively studied recently. In [23] , the authors proved that (1.5) has a positive solution under the assumptions:
Li [20] studied the existence of quasilinear Schrödinger equations of the form 6) where the parameter α ∈ [1, 2] and the functions V (x), g(x, u) are 1-periodic in x j for j = 1, 2, . . . , N . Similar works can be found in [6, 7, 11, 24, 27] and the references therein. It is noted that, in the above works, one always assumes that the potential function V (x) ≥ 0 and
On the other hand, the nonexistence of solutions and either the stable or unstable solutions for Lane-Emden problems are investigated to some extent. The results can be found in [1, 3, 8, 14, 15, 18, 19, 21, 25, 26, 28] , and the references therein. To the best of our knowledge, there are no results on the nonexistence of solutions for (1.1). Motivated by [4, 5, 9, 13, 17, 22] , our purpose in this paper is to study the nonexistence of nonnegative and stable solutions of (1.1) under some assumptions on the weighted function h(x) and the exponent q.
Usually, we make the change of variables z = f -1 (u), where f is defined by
and by f (t) = -f (-t) on (-∞, 0]. 
.
If we take u = f (z) or z = f -1 (u), then (1.1) becomes the following semilinear elliptic equation:
As usual, we study the existence and the nonexistence of weak solutions of (1.1) via (1.8).
is said to be a weak solution of 9) where (and in the sequel)
In other words, the stability condition translates into the fact that the second variation of the energy functional is nonnegative. Thus, all the minima of the functional are stable solutions of (1.8).
As in [11, 20, 23] , we give:
So in order to prove the nonexistence of stable solutions for (1.1), it is sufficient to prove that there is no nonnegative and stable weak solution to (1.8).
The main result in this paper is as follows. 
Theorem 1.2 Suppose that the positive function h(x)
The condition γ 0 < N < γ 1 implies that d ∈ (0, 2) and q c > 5/2.
Proof of Theorem 1.2
In order to prove the nonexistence of solution to (1.8), we use the test function method, which has been used in [5, 9] to deal with the m-Laplace equation. The proof is by contradiction which involves obtaining an a priori estimate for a solution of (1.8) by carefully choosing a special test function and then applying the scaling argument. We first establish:
Furthermore, if q ≥ 2, we have for all t ≥ 0,
and
From f (0) = 0, as well as (f 4 ) and (f 6 ) in Lemma 1.1, it follows that 
we have from (2.5), (2.8) and (2.9) that
where .8) with q ≥ 5/2. Then for every k ∈ (1, k 0 (q)), where k 0 (t) is defined by (1.14), there exists a constant C = C(q, k) such that
26)
where Proof Let z ∈ C 1,δ loc (R N ) be a nonnegative and stable weak solution of (1.8) and k > 1. Setting
and it is defined by
Applying Young's inequality with parameter ∈ (0, 1), we obtain
Here and in the sequel, let C be a positive constant depending on and q, k, which may vary from line to line. Then it follows from (2.28) and (2.29) that
On the other hand, taking ζ = G(z)ϕ in (1.10), we find
and then
By Young's inequality with > 0, one derives
Then, it follows from (2.2), (2.3), (2.30) and (2.32) that
Then one sees from (2.34) that
Clearly,
Moreover, the elementary inequality δ 0 > 0 implies that k ∈ (1,
), where k 0 (t) is defined by (1.14) . Now, an application of (2.35) yields
) k+1 q-1 is nonnegative and bounded in R N .
Moreover, we obtain from the Hölder inequality, (2.23) and (2.38) that
Obviously, inequality (2.39) implies
and (2.26) follows.
Proof of Theorem 1.2 Setting x = Rξ in (2.26), we get
where assumption (1.11) on h(x) has been used, C is a positive constant independent of R, and
Clearly, if θ < 0, the desired result follows by letting R → ∞ in (2.41). In the following, we will show that some appropriate k = k(q) can be chosen such that θ < 0. Let X(t) be the function defined in (1.13). Obviously, we have So, the function X(t) is increasing and 6 + 2a < X(t) < 10 + 4a for t > 5/2. Therefore, if N ≤ 6 + 2a, we have N < X(t) for any t > 5/2. Hence, if we fix k ∈ (1, k 0 (t)) suitably near k 0 (t), we obtain For this reason, the desired result follows by letting R → ∞ in (2.41). Assume now γ 0 (a) < N < γ ∞ (a). Since X(t) is increasing, we get in this case a critical value q c > 5/2 such that N < X(q) for q c < q. From this, the desired result follows again by letting R → ∞ in (2.41). Clearly, q c may be determined from the equation N = X(q c ). Then we complete the proof of Theorem 1.2.
Concluding remarks
In this paper, we have considered a model described by the quasilinear Schrödinger equation. Nonexistence of stable solutions is proved.
